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CHAPTER 1 

PREAMBLE 

This boo k i s a  revise d an d re-writte n versio n o f part o f a  study , spon -
sored (fro m 199 2 onward ) b y Cypres s Internationa l Investmen t Advisor s 
Ltd. It s purpos e i s t o describ e a  ne w approac h t o th e valuatio n o f op -
tions o n foreig n exchange . Thoug h th e cor e o f th e origina l tex t remains , 
comments, especiall y fro m professiona l practitioners , hav e le d th e author s 
to re-orientat e th e exposition . I n particular , th e presen t editio n ha s bee n 
recast wit h applications  ver y muc h i n mind . 

The reaso n underlyin g thi s chang e i n expositio n woul d b e clea r i f on e 
remembers a  bit o f methodology. Accordin g to Friedman' s wel l known vie w 
(1953), i n positiv e economic s assumption s d o no t matter . Whe n one' s pur -
pose i s t o tes t a  theory , wha t i s importan t i s tha t it s prediction s ar e no t 
empirically falsified . However , i n applied  economics th e situatio n i s differ -
ent, fo r i n thi s cas e assumption s matte r ver y muc h indeed . Whe n on e i s 
applying a  theor y t o stud y economi c growt h i n Hon g Kon g an d produc e 
policy recommendations , i t woul d no t d o i f it assume s a  close d econom y o r 
an infinitel y elasti c suppl y o f land . 

The sam e may be said abou t optio n pricing , which i s essentially a n ap -
plication o f capita l theory . I n thi s case , a s Co x &  Ross (1976 ) hav e shown , 
what on e assumes abou t th e stochasti c specification s governin g the pric e of 
the underlyin g asse t i s o f fundamenta l importance . Th e us e o f stochasti c 
processes1 t o mode l th e pric e o f asset s wa s pioneere d b y Bachelie r (1900) . 
The idea was that i n a continuous competitive market, th e asse t price would 
be subject t o so many independen t influence s tha t w e can imagine it t o fluc-
tuate randoml y alon g a continuous path . A s a result, Bachelie r assume d th e 
price o f the representativ e asse t t o follo w (wha t i s now called ) a  Brownia n 
motion. 

Brownian motion , however , allow s asse t price s t o g o negative . Sinc e 
this woul d violat e th e conditio n o f limited liability , th e assumptio n canno t 
be used when applying the analysis to an equity. (I t would also be difficult t o 

1 Technical term s ar e explaine d i n Chapte r 3  below . 
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apply t o an y good whic h ha s a  positive pric e and therefor e a  market) . Thi s 
result le d Sarnuelso n (1965 ) t o introduc e th e ide a o f geometri c Brownia n 
motion, in which the asset price is restricted to take positive values with non -
zero probabilities. Sinc e that time , geometric Brownia n motio n ha s becom e 
a paradig m fo r financia l research . I n th e particula r subjec t o f options , th e 
seminal work o f Black & Scholes (1973) i s based o n the assumptio n tha t th e 
representative stoc k pric e follows geometri c Brownia n motion . 

Recent researc h (t o whic h th e author s contributed 2) ha s uncovere d a 
number o f problems , whic h suggest s tha t th e scop e o f applicatio n o f geo -
metric Brownia n motio n i s no t a s wid e a s firs t envisaged . Institutionally , 
it i s clea r tha t th e assumptio n canno t b e applie d t o th e bon d market , an d 
to valu e fixe d incom e option s an d th e option s embedde d i n callabl e bonds . 
Since geometri c Brownia n motio n allow s asse t price s t o g o infinit e wit h 
non-zero probabilit y bu t ever y bon d ha s a  finit e maximu m price , a s lon g 
as interes t rate s ar e non-negativ e i t woul d b e inappropriat e t o mode l th e 
representative bon d pric e i n suc h term s (Dye r &  Jacob 1996) . I n addition , 
there ar e seriou s problem s i n theory . Fo r example , i f a n asse t pric e follow s 
geometric Brownia n motion , i t i s possibl e fo r it s sampl e pat h t o dro p t o 
0 wit h probabilit y 1 , an d ye t al l th e tim e th e expecte d pric e o f th e asse t 
would b e increasin g withou t limit . A n individua l wh o hold s suc h a n asse t 
according t o standar d portfoli o (mean-variance ) critieri a woul d b e "almos t 
certainly ruined", with a  zero price the market woul d disappear , an d option s 
on th e asse t woul d yiel d distorte d values . 

In thi s book we propose an alternative assumption t o geometric Brown -
ian motion , an d sho w how it ca n be applie d t o perhaps th e larges t financial 
market i n th e world , tha t fo r foreig n exchange . Thi s ne w stochasti c speci -
fication i s free fro m th e theoretica l problem s note d above . "Almos t certai n 
ruin" an d th e disappearanc e o f market s ar e exclude d fo r a  representativ e 
foreign currency . I n addition , th e non-rando m effect s o f standard economi c 
theory (i n particula r change s i n purchasin g powe r parity ) ca n b e incorpo -
rated, bot h i n th e descriptio n o f the stochasti c proces s for th e spo t pric e o f 
the currenc y an d i n a  new formula fo r pricin g foreig n exchang e options . 

2See Cheun g &  Yeung (1994a ) an d (1994b) . 

2 



Preamble 

Chapter 2  introduce s definition s an d terminology . T o sav e o n tim e 
spent lookin g u p textbooks , a  technica l glossar y i s supplie d i n Chapte r 3 . 
Chapter 4  attempt s t o impres s upo n th e reade r th e importanc e o f assump -
tions i n optio n theory , b y presentin g a n exampl e i n whic h a n optio n pric e 
is obtaine d withou t makin g stochasti c assumption s a t all , an d invitin g th e 
reader t o compar e i t wit h th e classi c Black-Schole s formula . Blac k an d 
Scholes contributio n (1973) , whic h i s fundamenta l t o al l moder n wor k i n 
options, i s discusse d i n Chapter s 5  an d 6 . Sinc e (a s note d above ) th e un -
derlying asse t pric e i s assume d t o follo w geometri c Brownia n motion , tw o 
serious problem s ar e see n t o arise . First , th e techniqu e commonl y use d t o 
solve Black-Schole s differentia l equation s doe s no t exclud e "almos t certai n 
ruin", s o tha t i t i s difficul t t o maintai n th e require d genera l equilibriu m 
interpretation o f th e resultin g optio n prices . Secondly , unde r geometri c 
Brownian motio n th e asse t pric e display s th e characteristic s o f a  rando m 
walk, i n th e sens e tha t it s valu e a t an y futur e poin t o f time depend s solel y 
on wha t i t i s a t present . Thi s propert y i s beginning t o b e calle d int o ques -
tion b y recen t research . (Se e e.g . McQuee n &  Thorle y 1991 , Samuelso n 
1991, Kaehle r &  Kugler eds . 1994 , Hauge n 1995 , Malkie l 1996 , Campbell , 
Lo &  Mackinla y 1997) . Fo r example , i t i s suggeste d tha t return s t o U.S . 
common stock s i n th e post-wa r perio d sho w statisticall y significan t non -
random wal k behavior , especiall y tha t run s o f hig h an d lo w return s hav e 
been foun d t o follow on e another . 

To mee t th e problem s whic h aris e fro m assumin g geometri c Brown -
ian motion , w e propose (i n Chapte r 7 ) a n alternativ e stochasti c proces s t o 
model th e dynami c behavio r o f asse t prices . Th e solutio n o f th e resultin g 
stochastic differentia l equatio n i s characterised completely , i n th e for m o f a 
closed form expressio n fo r th e asse t price' s transition densit y function . I t i s 
shown tha t "almos t certai n ruin " i s excluded, an d non-rando m wal k effect s 
from standar d economi c theor y —  fo r example , th e change s i n th e repre -
sentative firm's  equilibriu m balanc e shee t whic h underli e th e Modigliani -
Miller Theore m —  ca n b e take n int o account . A n optio n pricin g formul a 
is als o obtained , b y takin g mathematica l expectatio n i n term s o f the asse t 
price transition density . Chapte r 8  shows how the stochastic specification o f 
Chapter 7  can be applie d t o model the spo t pric e of a representative foreig n 
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currency, an d t o price options on it. I n contras t t o the random walk restric -
tion impose d b y geometri c Brownia n motion , w e ar e abl e t o incorporat e 
a fundamenta l theore m o f internationa l finance,  tha t i n th e lon g ru n th e 
exchange rat e converge s to purchasing powe r parity . "Almos t certai n ruin" , 
the disappearanc e o f market s an d thei r consequence s ar e excluded , an d fi-
nally a  computable closed-for m formul a t o price foreign exchang e options i s 
obtained. 

References 

Bachelier, L . (1900). Theori e d e la Speculation, Annales  de  I'Ecole Normale 
Superieure 17 , 21-86 . Translate d a s The Theor y o f Speculatio n i n P.H . 
Cootner ed. , The Random Character o f Stock Marke t Prices , Cambridg e 
MA: MI T Pres s 1967 . 

Black, F . k  M . Schole s (1973) . Th e Pricin g o f Option s an d Corporat e 
Liabilities, Journal  of  Political Economy  81 , 637-654. 

Campbell, J.Y. , A.W . L o &  A.C. Mackinla y (1997) . The  Econometrics  of 
Financial Markets,  Princeto n NJ : Princeto n Universit y Press . 

Cheung, M.T . &  D.W.K. Yeun g (1994a) . A  Non-Rando m Wal k Theor y o f 
Exchange Rat e Dynamic s with Application s to Option Pricing , Stochas-
tic Analysis  and  Applications  12 , 141-159 . 

Cheung, M.T . & D.W.K. Yeun g (1994b). Divergenc e Betwee n Sampl e Pat h 
and Moments Behavior: a n Issue in the Application o f Geometric Brown-
ian Motion to Finance, Stochastic Analysis  and  Applications 12 , 277-291. 

Cox, J.C . &  S.A . Ros s (1976) . Th e Valuatio n o f Option s fo r Alternativ e 
Stochastic Processes , Journal  of  Financial Economics  3 , 145-166 . 

Dyer, L.J . & D.P. Jacob (1996) . A n Overview of Fixed Income Option Mod -
els. I n F.J . Fabozz i ed. , Handbook  of  Fixed  Income  Options.  Chicago : 
Irwin Professiona l Publishing . 

Friedman, M . (1953) . Th e Methodolog y o f Positiv e Economics . I n Essays 
in Positive  Economics.  Chicago : Universit y o f Chicago Press . 

Haugen, R.A . (1995) . The  New  Finance:  the  Case  Against  Efficient  Mar-

4 



Preamble 

kets, Englewoo d Cliff s NJ : Prentic e Hal l 

Kaehler, J . &  P . Kugle r eds . (1994) . Econometric  Analysis  of  Financial 
Markets, Heidelberg : Physica-Verlag . 

Malkiel, B.G . (1996) . A  Random  Walk  Down  Wall  Street  6t h ed. , Ne w 
York: Norto n &  Co . 

McQueen, G . &  S. Thorley (1991) . Ar e Stock Return s Predictable ? A  Tes t 
Using Marko v Chains , Journal  of  Finance  46 , 239-263. 

Samuelson, P.A . (1965) . Th e Rationa l Theor y o f Warran t Pricin g (wit h 
Appendix b y H.P . McKean) , Industria l Managemen t Revie w 6 , 13-31 . 
Reprinted i n R.C . Merto n ed. , The  Collected  Scientific  Papers  of  P.A. 
Samuelson Vo l 3 , Cambridge MA : MIT Pres s 1972 . 

Samuelson, P.A . (1991). Lon g Run Ris k Tolerance when Equity Return s ar e 
Mean Regressing : Psuedoparadoxe s an d Vindicatio n o f "Businessman s 
Risk". I n W.C . Brainard , W.D . Nordhau s k  H.W . Watt s eds. , Money, 
Macroeconomics and  Economic Policy:  Essays  in  Honor of  James Tobin, 
Cambridge MA : MI T Pres s 1991 . 

5 



CHAPTER 3 

TECHNICAL GLOSSAR Y 

3.1 Introduction 1 

The technica l terms an d results which wil l be used in the exposition ar e 
summarised i n thi s Chapter . Fo r detail s an d proofs , th e reade r i s referre d 
to any good text o n stochastic processes , e.g., Karli n &  Taylor (1975 , 1981) . 

3.2 Stochasti c Processe s 

Let (Q,  A, P)  b e a  probability space , and T  a n arbitrary se t of numbers. 
Suppose w e defin e th e function : 

X{tyuj), t  GT , w E f i . (3.1 ) 

A stochasti c proces s i s a  family {X(t,w)}  o f such functions . Fo r an y give n 
t G  T, X{t y • ) denotes a  random variabl e (o r a  random vector) o n the proba -
bility space (fl , .4,P) . Fo r any fixed u G  fi,  X(- yu) i s a real valued functio n 
(vector value d function ) define d o n T , calle d a  sampl e pat h o r realisatio n 
of the stochasti c process . Th e standar d notatio n suppresse s th e variabl e u>, 
so that a  stochasti c proces s i s written {X(t)}. 

The theor y o f stochastic processe s i s concerned wit h th e structur e an d 
properties o f {X(t,u)}  unde r differen t assumptions . Th e mai n element s 
which distinguis h stochasti c processe s ar e th e stat e spac e 5 , whic h i s th e 
set o f values th e rando m variabl e X(t,  • ) may take , the index set X 1, and th e 
dependence relationship s amon g th e rando m variable s X(t,  •) . 

If th e stat e spac e 5  =  {0,1,2 , • • • } , th e stochasti c proces s {X(t)}  i s 
described a s intege r valued . I f S  i s the rea l lin e (—00,00) , {X(t)}  i s a  rea l 
valued stochasti c process . I f S  i s a  fc dimensional Euclidea n space , {X(t)} 
is a  k- vector stochasti c process . 

If th e inde x se t T  =  {0,1,2 , • • • } , {X(t)}  i s a  discret e stochasti c pro -
cess. I f T  =  (—00,00) , th e stochasti c proces s {X(t)}  i s continuous . Often , 
the variabl e t  i s interprete d t o b e time . Then , i f T  =  (—00,00) , {X(t)} 
would b e a  continuou s tim e stochasti c process . 

1 Th e notatio n i s specia l t o thi s Chapter . 
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Different dependenc e relationship s amon g th e X(t)  giv e ris e t o differ -
ent stochasti c processes . I f w e wish t o characteris e th e stochasti c proces s 
{X(t)}} thi s require s th e knowledg e o f (countabl y o r uncountabl y many , 
depending o n th e natur e o f T ) join t distribution s o f th e rando m variable s 
(or rando m vectors ) X(t).  Th e se t o f al l such joint distributions : 

Fxiuixfa)," ) x(tn)(xi,x2i'" ,Xn) 
= [PrXfa ) <  * i , X(t 2) <  x 2y •  •  • , X(t n) <  x n], 

for al l ti,t 2, •  * * >* n £  T } ti  ^  tj,  i  /  j , constitutes th e probabilit y la w o f 
the stochasti c process . 

Generally, th e rando m variable s X(t)  ar e interdependent . If , fo r al l 
choices o f t\ , •  •  • , tn, t{  G  T  suc h tha t 

*i <  t 2 <  •  • •  <  t n 

the rando m variable s 

X(t2) -  X(h),  X(t 3) -  X(t 2), •  •  • , X(t„ ) -  X( t„ - i ) 

are independent , the n {X(t) } i s a  stochasti c proces s wit h independen t in -
crements. I f th e inde x se t T  contain s a  smalles t elemen t to,  i t i s assume d 
that th e rando m variable s X(to) y X(t\)  —  X(£o), •  • • , X(t n) —  X(tn^i) ar e 
independent. 

If th e inde x se t T  =  {0,1,2,•••} , the n a  stochastic proces s wit h inde -
pendent increment s reduce s to a sequences of independent rando m variable s 
Z(0) =  X(0) , Z(i)  =  X(i)-X(i-l),  2  =  1,2,.- . ,n . 

If (fo r an y t ) th e distributio n o f the rando m variable s X(t  +  h) —  X(t) 
depends onl y o n th e lengt h h  o f th e interva l an d no t o n t , th e stochasti c 
process {X(t)}  i s said t o posses s stationary increments . Give n a  stochasti c 
process wit h stationar y increments , th e distributio n o f X(t\  +  h)  —  X(t\) 
is th e sam e a s th e distributio n o f X(t 2 - f h)  —  X(t 2), n o matte r wha t th e 
values o f <i, t 2 an d h. 

A stochastic proces s {X(f) } i s said t o be strictl y stationar y i f the join t 
distribution function s o f the tw o sets o f random variables : 

{XiU +  h),  X(t 2 +  h), . . . ,  X(t n +  h)}, {X(t 1),X(ti),--',X(tn)} 

11 
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are th e sam e fo r al l h  >  0  and al l choice s o f {ti,t 2j •  • •  ,tn} fro m T . Thi s 
condition say s tha t th e stochasti c proces s i s in probabilisti c equilibrium , s o 
that th e specifi c instance s a t whic h w e examine th e proces s ar e irrelevant . 
In particular , th e distributio n o f X(t)  i s the sam e for eac h t  ET. 

If the stochasti c proces s {X(t)}  possesse s finite  second moment s an d i f 
cov[X(t), X(t  +  h)] depends only on h  for al l t G  T, i t is said to be wide sense 
stationary. A  stationar y stochasti c proces s wit h finite  secon d moment s i s 
wide sens e stationary , bu t ther e ar e wid e sens e stationar y stochasti c pro -
cesses whic h ar e no t stationary . I n economics , stationar y stochasti c pro -
cesses ar e frequentl y use d i n rationa l expectation s models , t o characteris e 
stochastic equilibriu m (i n th e macroeconomi c sense) . 

3.3 Mart ingale s 

Let {X(t)}  b e a real valued stochastic process with a  discrete paramete r 
set T.  The n i t i s a  martingale if : 

(a) #[|x(t)| ] <oo , v t e r , 
(b) tf[X(t n+i)|X(ti) =  a u X(t 2) =  a 2, . . ,  X(t n) =  a„ ] =  a n> fo r an y 

U <t 2 <  • • •<* „ < t „ + i , U  GT . 

More generally , i f {X(t)}  an d {Y(t) } ar e stochasti c processe s wit h th e 
discrete paramete r se t T , X{(t)}  i s a  martingale wit h respec t t o {Y(t)} , if : 

(a) £[ |X(t) | ] <  00 , V t G T , 

(b) £7[X(t n +i) |y(*i) =  b ly Y(t 2) =  6 2 , . .- ,  Y(t n) =  b n] =  6 nj fo r an y 
h <t 2 <  -<tn  < W i . UeT. 

Martingales ar e considere d t o b e appropriat e model s for fai r games , i n 
which th e rando m variabl e X(t)  represent s th e amoun t o f mone y a  playe r 
possesses at time t.  Th e martingale property states that th e average amoun t 
the player woul d have at tim e tf n+i, give n tha t h e has an a t tim e tn, i s equal 
to a n regardles s o f wha t hi s pas t fortun e ha s been . 

3.4 Marko v Stochasti c Processe s 

A Marko v stochasti c proces s ha s th e propert y that , give n th e valu e o f 

12 
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X(s)y th e values of X(t)y t  >  s y do not depen d on the values of X(u), u  <  s. 
That is , th e probabilit y o f an y particula r futur e behavio r o f th e process , 
when it s presen t stat e i s known exactly , i s not change d b y knowledge abou t 
its pas t behavior . 

More formally , i f for an y 

h <  t2 <  •. . <t n <t } 

Pi[a <  X(t)  <  b\X(h) =  x u X(t 2) =  * 2 l •  • •  , X(t n) =  x n] 

= Pr[ a <  X(t)  <b\X(t n) =  x n]y 

then {X(t)}  i s a  Marko v stochasti c process . 

Suppose T  —  (—00,00), an d A  =  (a , 6] is a n interva l o f th e rea l line . 
The functio n 

P{xys\tyA) =  Pr[X(* ) G  A\X(s) =  x] y t>s y 

is called the transition probabilit y function o f the Markov stochastic proces s 
{X(t)}. I n particular , i t ca n b e prove d tha t th e probabilit y distributio n o f 
the se t o f random variable s {X(ti) yX(t2)y •  • •  yX(tn)} (th e probabilit y la w 
of the stochastic process ) ca n be found i n terms of the transition probabilit y 
function o f the proces s an d th e initia l distributio n functio n o f X(t). 

A Marko v stochasti c proces s {X(t)}  wit h a  finite  o r coun t ably infi -
nite stat e spac e S  =  {0,1,2 , • •  • , n} o r S  =  {0,1,2 , • • •  } is called a  Marko v 
chain. A  Marko v stochasti c proces s {X(t)}  fo r whic h al l sampl e function s 
{X(tyw)} t  G  T =  (—oo,0] } ar e continuou s in t  i s called a  diffusio n process . 
Under certai n conditions , the transition probabilit y functio n P(x ys;ty • ) has 
a transitio n densit y functio n p(x ys]ty-). A  Marko v proces s i s sai d t o pos -
sess stationary transitio n probabilitie s i f the transition probabilit y functio n 
P(xys]ty-) (an d th e transitio n densit y functio n p(x ys]t,-)y i f i t exists ) i s a 
function onl y o f (t  —  s).  Notic e tha t a  stochasti c proces s wit h stationar y 
transition probabilitie s i s not necessaril y stationary . 

3.5 R a n d o m Walk s 

A discret e tim e Marko v chai n i s a  Marko v stochasti c proces s wit h a 
finite o r countabl y infinit e stat e spac e S  =  {0,1,2 , • • •  }, and inde x se t T  = 
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{0 ,1 ,2 , . . -} . I t i s commo n t o writ e a  Marko v chai n a s {X(n)}  o r {X n} 
instead o f {X(t)} y an d t o sa y tha t X n i s in stat e i  i f X n =  i. 

The probabilit y o f X n+i bein g i n stat e j , given tha t X n i s i n stat e i , 
called a  one-step transitio n probability , i s denoted by : 

J # n + 1 = P r ( X B + 1 = j | X B =  i) . 

The notatio n emphasise s tha t i n general , the transitio n probabilitie s o f th e 
Markov chai n depend o n the initia l state i  and final state j t an d on the tim e 
interval ove r whic h th e transitio n occur s (n, n +  1) . I f one-ste p transitio n 
probabilities ar e independen t o f the time of transition (n) , then (a s we have 
seen) th e Marko v chai n posses s stationary transitio n probabilities . 

In thi s case , 
pn,n+l p 

Uj —  r ij • 

Since P{j  i s a  probability , 

oo 

Pij>0> i,j  =  0 , 1 , 2 , . . . , £ i ^ =  l , 2  =  0,1,2, . . -
i=o 

(The summatio n conditio n expresse s the fact tha t som e transition occur s in 
each step. , o r eac h trial , o f th e process. ) I t ca n b e show n tha t th e Marko v 
chain i s completel y determine d onc e P{j  i s know n fo r al l i  an d j y an d th e 
probability distributio n o f XQ  i s specified . 

A random wal k i s a  Markov chain in which X n, i f it i s in state i y can i n 
a singl e transitio n eithe r remai n i n stat e i , o r mov e t o on e o f th e adjacen t 
states i  -f 1  or *  — 1 . I n thi s case : 

Pi(Xn+1=i+l\Xn =  i)=pi, 
Pl(Xn+l=i-l\Xn=i)=qiy 

Pr(Xn+i =  i\X n =  i) = riy 

where pi  >  0 , qi  >  0 , r t- >  0 , pi  +  qi  + n  =  1 , i  =  1,2 , •  • •  , p 0 >  0 , r 0 > 
0, p o +  ̂ o =  1 - K  Pi  =  <li  —  P >  0  an d r t- =  r  >  0 , th e rando m wal k i s 
symmetric. 

14 
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The fortun e o f a n individua l i n a  gam e i s often depicte d b y a  rando m 
walk stochasti c process . Suppos e the player ha s fortune k  an d play s a  gam e 
against a n (infinitel y rich ) adversary , wit h th e probabilit y pk  o f winnin g 
one dolla r an d probabilit y q^  = 1  — Pk of losing one dolla r i n each trial , an d 
ro =  1 . I f the rando m variabl e X n represent s th e individual' s fortun e afte r 
n trials , the stochasti c proces s {X n} i s a  random walk , known a s gambler' s 
ruin. (Onc e stat e 0  is reached, th e proces s wil l remain i n it. ) 

3.6 Brownia n Motio n 

The stud y o f Brownian motion began wit h the observation b y the Scot -
tish botanis t R . Brow n i n 1827 , tha t smal l particle s lik e polle n grain s im -
mersed i n a  liqui d exhibi t ceaseles s irregula r motions . I n 1905 , Einstei n 
explained thi s phenomeno n b y a  theory i n whic h th e particle s unde r obser -
vation are subject t o perpetual collisions with the molecules of the surround -
ing medium. Einstein' s results were later extended b y various physicists an d 
mathematicians, fo r exampl e N . Wiener an d S . Chandrasekhar . (Brownia n 
motion i s als o known a s a  Wiene r stochasti c process. ) 

At tim e t  G  T =  (—oo,0] , le t X(t)  denot e th e displacemen t (fro m a 
starting poin t alon g a  fixed  axis ) o f a  Brownian particle . Th e displacemen t 
X(t) —  X(s)  ove r th e tim e interva l (s yt) ca n b e regarde d a s th e su m o f 
a larg e numbe r o f smal l displacements . Th e centra l limi t theore m i s the n 
applicable, so we can assert that the random variable X(t)—X(s) i s normally 
distributed. I t is intuitively clear that th e displacement X(t)—X(s)  depend s 
only on (t  — s) an d not on the time we begin the observation. Moreover , i t i s 
reasonable t o assume that th e Brownia n motion i s in stochastic equilibrium , 
in th e sens e tha t th e distributio n o f X(t  - f h)  —  X(s - f h)  i s the sam e a s th e 
distribution o f X(t)  -  X(s) y fo r al l h  >  0. 

Given these observations, the Brownian motion stochastic process {X(t) y 

t >  0} possesses th e followin g characteristics : 

(a) Give n to  <  t\  •  • •  < t n, th e increment s X(t\)  —  X(t Q)y •  • •  , X(t n) — 
X(tn_i) ar e (mutually ) independen t rando m variables ; 

(b) th e probabilit y distributio n functio n o f X(t)  —  X(s) y t  >  s y depend s 
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only o n (t  —  s)  an d no t o n f o r 5 ; 

(c) ?i[X(t)-X(s)  <x]=  l/<ry/[2w(t  -  » ) ] / ! „ exp{- W
2/[2<r2(t-s)]}dU) 

where t  >  s  an d cr  i s a  positiv e constant . 

Assume tha t fo r eac h sampl e pat h o f th e process , X(0)  =  0 . I t ca n 
then b e proved that , conditiona l upo n X(0)  =  0 , 

£[*(*)] =  0 , var[X(*) ] =  (T2ty 

and tha t fo r 0  <  t i <  t 2 <  •  • •  <  t n <  t y th e conditiona l probabilit y 
distribution o f X(t)  give n X(ti) y X(t 2)y •  - • , X(tf n) i s 

Pr[X(t) <  *|X(*i ) =  *i , X(t 2) =  x 2y •  •  • , X(t n) =  x n] 

^pTr^-^^y.oo e X P l 2<r*(t-t n)J U ' 

A discret e approximatio n t o Brownia n motio n i s provide d b y a  sym -
metric rando m walk . 

3.7 Geometr i c Brownia n Motio n 

Let {X{i) y t  G  [0, 00)} be a Brownian motion stochastic process. Brown -
ian motio n wit h drif t i s a  stochastic proces s {U(t),  t  G  [0,00)}, wher e 

U(t) =  X(t)  +  iit, 

and th e drif t paramete r fj,  i s a  constant . 

Alternatively, w e can defin e a  Brownia n motio n wit h drif t t o b e a  sto -
chastic proces s {U(t) y t  G  [0,oo)} with th e properties : 

(a) th e increment s X(t  - f s)  —  X(s) ar e normall y distribute d wit h mea n / i 
and varianc e a 2ty wher e fi  an d c r > 0  are constants ; 

(b) fo r every tx <  t2 <  •  • •  < t ny th e increments X(t 2)-X(ti)y •  • • y X(tn) — 
X(tn-\) ar e independen t rando m variable s wit h distribution s give n i n 

(a); 

(c) fo r ever y sampl e path , X(0)  =  0, an d X(t yu>) i s continuous a t t  =  0 . 
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Let {U(t) y t  G  [0,oo)} b e a  Brownia n motio n stochasti c proces s wit h 
drift coefficien t \i.  Th e stochasti c proces s define d by : 

Y(t) =  exp[U(t)] y * > 0 , 

is calle d geometri c Brownia n motion . (Th e stat e spac e o f th e proces s i s 
(0,oo).) I t ca n b e show n tha t th e rando m variabl e Y(t)  i s lognormall y 
distributed wit h mea n an d variance : 

E[Y(t)\Y(0) =  YQ] =  Y 0exp 1 2 fit +  -<TH and 

vaz[Y(t)\Y(®) =  YQ] =  Y 0
2 [exp(2/i* + a 2t)] [exp(<r 2t -  1] . 

That is , Y(t)  ha s th e probabilit y densit y function : 

3.8 Formula e fro m Stochasti c Calculu s 

Consider a  probability space (Q, Ay P)  an d a stochastic process {X(ty CJ)} , 
t G  [0,T]. Le t tr(t,cj ) b e a  non-anticipating functio n an d f(t yw) b e anothe r 
function (bot h define d b y propertie s whic h w e ca n tak e fo r grante d here) . 
Then th e stochastic process {X(t yu)} o r {X(t)}  ha s a stochastic differentia l 
denoted by : 

dX(t) =  f(t)dt  +  a(t)dz(t) y 

where (se e §3. 6 above ) {dz(t)}  i s a  Wiene r (Brownia n motion ) stochasti c 
process wit h E[dz(t)]  =  0 , va,i[dz(t)]  = dt. 

Let u[t yX) b e a  continuous non-random function wit h continuou s par -
tial 

derivatives. The n ltd's lemma states: i f the stochastic process {Y(t y u )} 
or {y(*) } i s suc h tha t w e hav e Y(t)  =  u(t yX(t))y i t als o possesse s a  sto -
chastic differentia l give n by : 

dY(t) = du .  du  „,, x .  1  ,, x2 d 2u 1 
+ ^/(*)+^w 9f 9 I ' W 2  W S I 2 dt + ^a(t)dz(t). 
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As w e wil l se e below , Ito' s lemm a i s fundamenta l t o Blac k an d Scholes J 

theory o f option pricing . 
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C H A P T E R 9 
CONCLUSIONS 

The appropriat e choic e o f assumption s i s a  matte r o f primar y impor -
tance i n applie d economics . I n optio n pricing , i t i s generally assume d tha t 
the underlyin g asse t ha s a  pric e whic h fluctuates  ove r tim e a s a  geomet -
ric Brownia n motion . Sinc e a  numbe r o f problem s the n arise , th e presen t 
volume propose s a n approac h t o th e valuatio n o f foreign exchang e option s 
based o n a n alternativ e assumption . Definition s an d terminolog y ar e in -
troduced i n Chapte r 2 . A  technica l glossar y i s give n i n Chapte r 3 . Th e 
remainder o f the boo k i s devoted t o a  new stochastic specificatio n t o mode l 
the spo t pric e o f th e representativ e currenc y underlyin g foreig n exchang e 
options, an d t o showin g tha t i t i s free fro m th e problem s whic h aris e unde r 
the standar d geometri c Brownia n motio n assumption . A n exampl e i s pre -
sented i n Chapte r 4  to convinc e th e reade r o f th e importanc e o f stochasti c 
assumptions i n optio n pricing , and t o demonstrat e ho w a  differen t specifi -
cation lead s i n genera l t o a  differen t valuatio n formula . Chapte r 5  survey s 
the Black-Schole s (1973 ) theory , whic h i s the basi s o f modern wor k o n op -
tion pricing . I t i s show n i n Chapter s 6  an d 7  tha t tw o seriou s problem s 
arise i n thi s theory . First , sinc e i t i s assume d tha t th e pric e o f th e under -
lying asse t follow s geometri c Brownia n motion , i t i s possibl e fo r asset s t o 
exist whic h lea d th e investo r t o "almos t certai n ruin " (Samuelso n 1965) , in 
the sens e tha t ove r tim e thei r price s woul d dro p t o zer o wit h probabilit y 
one, positiv e an d increasin g expecte d rate s o f return notwithstanding . Th e 
technique commonl y use d t o solv e Black-Schole s differentia l equation s fo r 
option price s doe s not exclud e such assets , which makes i t difficul t t o main -
tain a n (general ) equilibriu m interpretatio n o f th e resultin g optio n price . 
Second, give n th e geometri c Brownia n motio n assumption , th e pric e o f a n 
asset display s th e characteristic s o f a  rando m walk . It s pric e a t an y poin t 
of tim e i n th e futur e depend s solel y o n th e presen t price . Thi s propert y 
has bee n calle d int o questio n b y recen t research . Fo r example , i t i s show n 
that return s t o U.S . common stock s i n th e postwa r perio d sho w significan t 
non-random wal k behavior , i n th e sens e tha t run s o f hig h an d lo w return s 
tend t o follow on e another . 
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To overcom e th e difficultie s arisin g fro m th e assumptio n o f geometri c 
Brownian motion , Chapte r 7  proposes an alternative stochastic specificatio n 
to mode l th e dynami c behavio r o f asset prices , in particular th e price of th e 
asset whic h underlie s th e representativ e option . W e characteris e th e solu -
tion o f th e resultin g syste m o f stochastic differentia l equation s i n th e mos t 
complete for m known , b y obtaining a  closed for m expressio n fo r th e transi -
tion densit y functio n o f th e asse t price . I t i s shown tha t no n rando m wal k 
effects ca n be incorporated int o the analysis , and tha t th e stochastic proces s 
of the asse t pric e excludes th e possibilit y o f almost certai n ruin . Sinc e "th e 
option valuatio n proble m i s equivalen t t o th e proble m o f determinin g th e 
distribution o f th e asse t price" , w e proceed t o tak e mathematica l expecta -
tions directl y i n term s o f th e transitio n densit y function , t o illustrat e ho w 
an exac t formul a ca n b e found t o evaluat e option s o n th e asset . 

Chapter 8  show s i n detai l ho w th e ne w stochasti c specificatio n ca n 
be use d t o pric e option s o n foreig n exchange . I n contras t t o th e rando m 
walk-restriction impose d b y the standard theory , we are abl e to incorporat e 
a fundamenta l resul t o f th e theor y o f internationa l trade , tha t ove r tim e 
the spo t pric e o f a  currenc y (it s exchang e rate ) converge s t o it s purchasin g 
power parity . I t i s als o show n tha t th e exchang e rat e proces s exclude s th e 
possibility o f almost certai n ruin . Computationa l aspect s of the formula ar e 
also discussed , i n particular , th e availabilit y o f data , an d th e method s b y 
which th e parameter s i n th e optio n pric e formula ca n b e estimated . 
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A Not e o n Softwar e 

A softwar e packag e t o comput e th e price s o f foreign exchang e option s 
using formul a (7.15 ) i s bein g develope d b y th e authors , unde r sponsorshi p 
from Cypres s Internationa l Investmen t Advisor s Ltd . 
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